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Abstract
In this paper, we investigate lepton mass spectra, flavor mixing and CP violation with
a modular S4 symmetry under the assumption that neutrinos are Dirac fermions. We find
that the Majorana mass term can be forbidden by adjusting the weight of the right-handed
neutrino superfields. We systematically study the scenarios where modular forms in the
neutrino sector take the lowest non-trivial weight two, while those in the charged-lepton
sector vary from two to six. The corrections from renormalization-group running effects to
our model have also been discussed in detail. We totally obtain twelve different classes of
models and find that ten of them can accommodate current neutrino oscillation data.
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1 Introduction
Although recent developments on solar, atmospheric, reactor and accelerator neutrino oscillation
experiments have convinced us of massive neutrinos and significant lepton flavor mixing [1, 2],
it remains a mystery whether neutrinos are Dirac or Majorana particles. One can assume neu-
trinos to be of Majorana-type, and introduce lepton-number-violating terms in the Lagrangian.
However, since the neutrinoless double-beta decays have not yet been discovered in any related
experiments, there is no obvious evidence indicating neutrinos are really Majorana fermions. An-
other possibility is that neutrinos are Dirac particles, which is also quite reasonable considering
the other fermions we have discovered until now are all of Dirac-type. On the other hand, the
Dirac neutrino assumption also embodies the famous Occam’s razor, i.e., if not necessary, we may
not introduce the lepton-number-violating Majorana mass terms in the Lagrangian.
If neutrinos are Dirac fermions, the Lagrangian is lepton number conserving. In this case,
we can simply introduce three right-handed neutrinos NiR (for i = 1, 2, 3), which are singlets
under the SU(2)L×U(1)Y gauge group of the Standard Model (SM), and the gauge-invariant and
lepton-number-conserving Lagrangian relevant for lepton masses and flavor mixing is written as
−LLepton = `LYlHER + `LYνH˜NR + h.c. , (1.1)
where `L and H denote the left-handed lepton doublet and the Higgs doublet, ER and NR are
the right-handed charged-lepton and neutrino singlets, and Yl and Yν are the charged-lepton
and neutrino Yukawa coupling matrices. Note that H˜ ≡ iσ2H∗ has been defined in Eq. (1.1).
After the Higgs doublet acquires its vacuum expectation value (vev), i.e., 〈H〉 = (0, v/√2)T with
v ≈ 246 GeV, the gauge symmetry is spontaneously broken down, and the charged-lepton and
Dirac neutrino mass matrices are given by Ml ≡ Ylv/
√
2 and Mν = Yνv/
√
2, respectively. Then
one may notice that the observed light neutrino masses O(Mν) . 0.1 eV require O(Yν) . 10−12.
Such small Yukawa couplings can be generated in some models with extra spacial dimensions [4,5]
or through radiative mechanisms [6].
Non-Abelian discrete flavor symmetries have been widely applied to explain the observed lepton
flavor mixing pattern [7–13]. In this framework, the Lagrangian is supposed to possess an overall
discrete symmetry at some high-energy scales, and several scalar fields (i.e., flavons) are introduced
into these models to break down this whole symmetry into some distinct residual symmetries in
the charged-lepton and neutrino sectors. Then the flavor mixing pattern will be determined by
the vev’s of flavons. Recently, a new and appealing approach has been proposed in Ref. [14],
which suggests that the modular symmetry can be utilized to account for lepton flavor mixing.
Different from the traditional discrete symmetry, the Yukawa couplings in modular invariant
models are regarded as modular forms with even weights, which are the functions of only one
complex parameter, i.e., the modulus τ . The Lagrangian keeps invariant under the finite modular
symmetry group ΓN , which for a given value of N is isomorphic to the non-Abelian discrete
symmetry group, i.e., Γ2 ' S3 [15–18], Γ3 ' A4 [19–29], Γ4 ' S4 [30–33] and Γ5 ' A5 [34–36],
and the overall symmetry will be broken once the modulus τ instead of flavons obtains its vev.
Therefore, the flavon field is not necessary for the whole theory. Apart from the finite modular
groups mentioned above, some other aspects of modular symmetries have also been investigated,
such as the combination of modular symmetries and the CP symmetry [37–39], multiple modular
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symmetries [40, 41], the double covering of modular groups [42–44], the A4 symmetry from the
modular S4 symmetry [45, 46], the modular residual symmetry [47, 48], the unification of quark
and lepton flavors with modular invariance [49,50], the realization of texture zeros via the modular
symmetry [51,52], the applications of modular symmetries on other types of seesaw models [53–57],
the origin of modular symmetries from a top-down point of view [58–63] and finite modular groups
with higher levels [64]. In addition, corrections from the Ka¨hler potential to the model with a
modular symmetry are discussed in Ref. [65].
In this paper, for the first time we systematically investigate Dirac neutrino masses, lepton
flavor mixing and CP violation with a modular S4 symmetry. Thanks to the restrictions from
modular weights, we find that the Majorana mass term can be forbidden in our model. We discuss
the scenarios where modular forms in the neutrino sector take the lowest non-trivial weight two,
while those in the charged-lepton sector vary from two to six, and obtain twelve different classes of
models. Since modular symmetries intrinsically work at very high-energy scales, we also take the
renormalization-group (RG) running effects into consideration in order to obtain the predictions
for low-energy observables. After implementing the numerical analysis, we find ten models are
consistent with current neutrino oscillation data, in either the normal mass ordering (NO) case
where m1 < m2 < m3 or the inverted mass ordering (IO) case where m3 < m1 < m2.
The remaining part of this paper is organized as follows. In Sec. 2, we present a brief summary
of the modular S4 symmetry. The Dirac neutrino mass models with a modular S4 symmetry are
then constructed in Sec. 3. The low-energy phenomenology of lepton mass spectra, flavor mixing
pattern and CP violation of these models with the corrections from RG running effects is discussed
in Sec. 4. Finally, we summarize our main conclusions in Sec. 5. Some properties of the modular
S4 symmetry group are presented in Appendix A.
2 Modular S4 symmetry
In this section, we shall briefly summarize some knowledge about the modular symmetry which
is helpful for this paper. As is well known, the modular symmetry is supposed to work in the
supersymmetric theory, where the action S keeps invariant under the modular transformations [14]
γ : τ → aτ + b
cτ + d
, χ(I) → (cτ + d)−kIρ(I)(γ)χ(I) , (2.1)
where γ is the element of the inhomogeneous modular group Γ with a, b, c and d being integers
satisfying ad−bc = 1, τ is an arbitrary complex number in the upper complex plane, ρ(I)(γ) denotes
the representation matrix of the modular transformation γ, and kI is the weight associated with
the supermultiplet χ(I). As a consequence, the Ka¨hler potential K(τ, χ) should keep invariant up
to the Ka¨hler transformation, while the superpotentialW(τ, χ) is also invariant under the modular
transformation and can be expanded in terms of the supermultiplets χ(Ii) (for i = 1, · · · , n) as
W(τ, χ) =
∑
n
∑
{I1,...,In}
YI1...In(τ)χ
(I1) · · ·χ(In) , (2.2)
where the coefficients YI1...In(τ) take the modular forms, which are the key elements of the modular
symmetry approach. Under the finite modular group ΓN ≡ Γ/Γ(N) (with Γ(N) being the principal
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congruence subgroup of Γ), the modular forms transform as
YI1...In(τ)→ (cτ + d)
kY ρY (γ)YI1...In(τ) , (2.3)
where the even integer kY is the weight of YI1...In(τ) and ρY is the representation matrix of ΓN .
kY and ρY must satisfy kY = kI1 + · · · + kIN and ρY ⊗ ρ(I1) ⊗ · · · ⊗ ρ(IN ) 3 1 respectively, which
can be used to constrain the charge assignments of superfields and modular forms.
For the modular group Γ4 ' S4, there are five linearly independent modular forms of the
lowest non-trivial weight kY = 2, denoted as Yi(τ) for i = 1, 2, · · · , 5, which form a doublet 2 and
a triplet 3′ under the modular S4 symmetry transformations [30], namely,
Y2(τ) ≡
(
Y1(τ)
Y2(τ)
)
, Y3′(τ) ≡
Y3(τ)Y4(τ)
Y5(τ)
 . (2.4)
The exact expressions of Yi(τ) (for i = 1, 2, · · · , 5) can be found in Appendix A. Based on the
modular forms Yi(τ) of weight two, one can construct the modular forms of higher weights, such
as kY = 4 and kY = 6. For kY = 4, there are totally nine independent modular forms, which
transform as 1, 2, 3 and 3′ under the modular S4 symmetry [37], namely,
Y
(4)
1 = Y
2
1 + Y
2
2 , Y
(4)
2 =
(
Y 22 − Y 21
2Y1Y2
)
,
Y
(4)
3 =
 −2Y2Y3√3Y1Y5 + Y2Y4√
3Y1Y4 + Y2Y5
 , Y (4)3′ =
 2Y1Y3√3Y2Y5 − Y1Y4√
3Y2Y4 − Y1Y5
 , (2.5)
where the argument τ of all the modular forms is suppressed. For kY = 6, we have thirteen
independent modular forms, whose assignments under the S4 symmetry can be expressed as [37]
Y
(6)
1 = Y1(3Y
2
2 − Y 21 ) , Y (6)1′ = Y2(3Y 21 − Y 22 ) ,
Y
(6)
2 = (Y
2
1 + Y
2
2 )
(
Y1
Y2
)
, Y
(6)
3 =
 Y1(Y 24 − Y 25 )Y3(Y1Y5 +√3Y2Y4)
−Y3(Y1Y4 +
√
3Y2Y5)
 ,
Y
(6)
3′,1 = (Y
2
1 + Y
2
2 )
Y3Y4
Y5
 , Y (6)3′,2 =
 Y2(Y 25 − Y 24 )−Y3(Y2Y5 −√3Y1Y4)
Y3(Y2Y4 −
√
3Y1Y5)
 .
(2.6)
3 Dirac neutrino mass models
Now we are going to construct the Dirac neutrino mass models with a modular S4 symmetry.
Before going to the detail, we would like to make some general remarks on the model building.
• One principle for the model building is that the number of free model parameters we intro-
duce should be as small as possible. We have totally eight low-energy observables whose val-
ues are tightly restricted by current experiments: three charged-lepton masses {me,mµ,mτ},
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two neutrino mass-squared differences {∆m221,∆m231} ({∆m221,∆m232}) in the NO (IO) case
and three lepton flavor mixing angles {θ12, θ13, θ23}. Consequently, we should keep the num-
ber of free model parameters no more than eight in order to make our model more predictive.
• The representation of the lepton doublet superfields L̂ is set to the triplet 3 under the modu-
lar S4 symmetry. If doing so, the superfields for three charged-lepton singlets {ÊC1 , ÊC2 , ÊC3 }
should not be arranged as a triplet, since in this case, the strong mass hierarchy in the
charged-lepton sector could not be easily generated. So we instead assign {ÊC1 , ÊC2 , ÊC3 } to
be three singlets under the group S4. On the other hand, the superfields for three right-
handed neutrinos N̂C are also arranged to be a triplet, either 3 or 3′. Note that it is
not necessary to further consider L̂ ∼ 3′, since the cases where {L̂ ∼ 3′, N̂C ∼ 3} and
{L̂ ∼ 3′, N̂C ∼ 3′} are equivalent to those where {L̂ ∼ 3, N̂C ∼ 3′} and {L̂ ∼ 3, N̂C ∼ 3},
respectively [31]. Moreover, the Higgs superfields {Ĥu, Ĥd} are set to be the trivial one
dimensional irreducible representation 1 for simplicity.
• Now that the representations of L̂ and ÊCi (for i = 1, 2, 3) have been determined, it is not
difficult to find that the charged-lepton Yukawa couplings fe(τ), fµ(τ) and fτ (τ), which take
the modular forms, should be assigned as triplets under the S4 symmetry to construct the
modular invariant superpotentials. According to Eq. (2.4), there is only one 3′ of weight
two, so the modular forms of higher weights should be included into the model, otherwise
we will be unable to obtain non-degenerate charged-lepton masses. In this paper, we assume
the weight of fe(τ) to be two, i.e., fe(τ) ∼ Y (2)3′ , while the weights of fµ(τ) and fτ (τ) can
vary from four to six. The Yukawa coupling coefficient fD(τ) in the neutrino sector simply
takes the modular forms of weight 2, because higher weights of fD(τ) will inevitably bring
more free parameters into the model.
Keeping the above remarks in mind, now we can write down the modular S4 invariant super-
potential W =Wl +WD in the minimal supersymmetric standard model (MSSM), where Wl and
Wν are expressed as
Wl = α1
[(
L̂ÊC1
)
3′
(fe(τ))3′
]
1
Ĥd + α2
[(
L̂ÊC2
)
3(′)
(
fµ(τ)
)
3(′)
]
1
Ĥd ,
+ α3
[(
L̂ÊC3
)
3(′)
(fτ (τ))3(′)
]
1
Ĥd ,
WD = g1
[(
L̂N̂C
)
3
(fD(τ))3
]
1
Ĥu + g2
[(
L̂N̂C
)
3′
(f ′D(τ))3′
]
1
Ĥu , (3.1)
where α1, α2 and α3 are three real and positive parameters in the charged-lepton sector, g1 and
g2 are two coefficients in the neutrino sector and f
′
D(τ) is another neutrino Yukawa coupling
coefficient distinct from fD(τ). As has been mentioned above, the invariance of W under the
modular transformation requires kY = kI1 + · · · + kIN holds for each term in Eq. (3.1). To be
specific, we have the following relations
kL + kE1 = ke , kL + kE2 = kµ , kL + kE3 = kτ , kL + kN = k
(′)
D , (3.2)
where −kL, −kE1 , −kE2 , −kE3 and −kN are the weights of the corresponding superfields L̂, ÊC1 ,
ÊC2 , Ê
C
3 and N̂
C while ke, kµ, kτ , kD and k
′
D are the weights of fe(τ), fµ(τ), fτ (τ), fD(τ) and
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f ′D(τ). Note that we have five superfields but only four equations in Eq. (3.2), hence there is
some freedom to adjust the weights of these superfields. The Dirac nature of neutrinos in our
model indicates that the Majorana mass term proportional to N̂CN̂C should not exist. Since the
modular weights are non-negative integers, if kN is required to be a positive integer, we could not
find proper modular forms with weight k that satisfies 2kN +k = 0. Therefore the Majorana mass
term will be automatically forbidden.
When the modular symmetry is broken, the charged-lepton Yukawa coupling matrix λl and
the Dirac neutrino Yukawa coupling matrix λD can be generated and the superpotential W turns
out to be
W = λlL̂ĤdÊC + λDL̂ĤuN̂C . (3.3)
After the supersymmetry breaking and the SU(2)L × U(1)Y gauge symmetry breakdown, all the
Higgs fields get their own vev’s, and one can then obtain the lepton mass matrices Ml and Mν as
Ml = vdλ
∗
l /
√
2 , Mν = vuλ
∗
D/
√
2 , (3.4)
where vd = v cos β and vu = v sin β are respectively the vev’s of the neutral scalar component
fields of Ĥd and Ĥu, with tan β ≡ vu/vd being their ratio. Note that here we use “∗” to denote the
complex conjugation and the left-right convention for the fermion mass terms is adopted in this
paper. Then, by using the product rules of the modular S4 symmetry presented in Appendix A,
we can construct the mass matrices for charged leptons as well as neutrinos.
3.1 Charged-lepton mass matrices
In the charged-lepton sector we set fe(τ) to be Y
(2)
3′ , while fµ(τ) and fτ (τ) can take the forms
among Y
(4)
3 , Y
(4)
3′ , Y
(6)
3 and Y
(6)
3′,2. Actually there is another distinct form of 3
′ of weight 6, Y (6)3′,1,
which is proportional to Y
(2)
3′ . If both Y
(2)
3′ and Y
(6)
3′,1 enter the charged-lepton mass matrix, two
of the mass eigenvalues will be degenerate. Therefore, we do not take Y
(6)
3′,1 into consideration. In
the following, we list six different kinds of charged-lepton mass matrices obtained by adjusting
the forms of fµ(τ) and fτ (τ), which are labeled by L1 — L6.
• L1: fµ(τ) ∼ Y (4)3 , fτ (τ) ∼ Y (4)3′
Ml =
vd√
2
α1Y3 −2α2Y2Y3 2α3Y1Y3α1Y5 α2(√3Y1Y4 + Y2Y5) α3(√3Y2Y4 − Y1Y5)
α1Y4 α2(
√
3Y1Y5 + Y2Y4) α3(
√
3Y2Y5 − Y1Y4)

∗
; (3.5)
• L2: fµ(τ) ∼ Y (4)3 , fτ (τ) ∼ Y (6)3
Ml =
vd√
2
α1Y3 −2α2Y2Y3 α3Y1(Y 24 − Y 25 )α1Y5 α2(√3Y1Y4 + Y2Y5) −α3Y3(Y1Y4 +√3Y2Y5)
α1Y4 α2(
√
3Y1Y5 + Y2Y4) α3Y3(Y1Y5 +
√
3Y2Y4)

∗
; (3.6)
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• L3: fµ(τ) ∼ Y (4)3 , fτ (τ) ∼ Y (6)3′,2
Ml =
vd√
2
α1Y3 −2α2Y2Y3 α3Y2(Y 25 − Y 24 )α1Y5 α2(√3Y1Y4 + Y2Y5) α3Y3(Y2Y4 −√3Y1Y5)
α1Y4 α2(
√
3Y1Y5 + Y2Y4) −α3Y3(Y2Y5 −
√
3Y1Y4)

∗
; (3.7)
• L4: fµ(τ) ∼ Y (4)3′ , fτ (τ) ∼ Y (6)3
Ml =
vd√
2
α1Y3 2α2Y1Y3 α3Y1(Y 24 − Y 25 )α1Y5 α2(√3Y2Y4 − Y1Y5) −α3Y3(Y1Y4 +√3Y2Y5)
α1Y4 α2(
√
3Y2Y5 − Y1Y4) α3Y3(Y1Y5 +
√
3Y2Y4)

∗
; (3.8)
• L5: fµ(τ) ∼ Y (4)3′ , fτ (τ) ∼ Y (6)3′,2
Ml =
vd√
2
α1Y3 2α2Y1Y3 α3Y2(Y 25 − Y 24 )α1Y5 α2(√3Y2Y4 − Y1Y5) α3Y3(Y2Y4 −√3Y1Y5)
α1Y4 α2(
√
3Y2Y5 − Y1Y4) −α3Y3(Y2Y5 −
√
3Y1Y4)

∗
; (3.9)
• L6: fµ(τ) ∼ Y (6)3 , fτ (τ) ∼ Y (6)3′,2
Ml =
vd√
2
α1Y3 α2Y1(Y 24 − Y 25 ) α3Y2(Y 25 − Y 24 )α1Y5 −α2Y3(Y1Y4 +√3Y2Y5) α3Y3(Y2Y4 −√3Y1Y5)
α1Y4 α2Y3(Y1Y5 +
√
3Y2Y4) −α3Y3(Y2Y5 −
√
3Y1Y4)

∗
. (3.10)
Actually one can always exchange the modular forms of fe(τ), fµ(τ) and fτ (τ), and get new
charged-lepton mass matrices. However, they differ from the above six matrices only by the
permutations of columns, which will not affect the forms of MlM
†
l [31].
3.2 Neutrino mass matrices
In the neutrino sector, the superfields N̂C are set to be either 3 or 3′ under the modular S4
symmetry and the Yukawa couplings are with a weight of 2. Then we can obtain two different
neutrino mass matrices, labeled by N1 and N2.
• N1: N̂C ∼ 3
Mν =
vu√
2
g1

Y1 0 0
0
√
3
2
Y2 −
1
2
Y1
0 −1
2
Y1
√
3
2
Y2
+ g2
 0 Y5 −Y4−Y5 0 Y3
Y4 −Y3 0


∗
; (3.11)
• N2: N̂C ∼ 3′
Mν =
vu√
2
g1

−Y2 0 0
0
√
3
2
Y1
1
2
Y2
0
1
2
Y2
√
3
2
Y1
+ g2
 0 −Y4 Y5−Y4 −Y3 0
Y5 0 Y3


∗
. (3.12)
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Note that we can assume the coefficient g1 to be real and extract it out of the square brackets
in Eqs. (3.11)-(3.12) without loss of generality. Then it is convenient to parametrize the other
complex parameter as g2/g1 ≡ g˜ = geiφg with g = |g˜| and φg ≡ arg(g˜). Combining the mass
matrices in the charged-lepton and neutrino sectors, we can finally attain twelve different Dirac
neutrino mass models labeled by L1N1 — L6N2.
3.3 Renormalization-group running effects
The modular symmetry usually works at a very high-energy scale Λ. However, the oscillation
parameters are measured at the electroweak scale which is characterized by the mass of the Z
gauge boson mZ ∼ 91.2 GeV. Therefore, in order to obtain the accurate predictions for low-
energy observables, we should also include the radiative corrections to flavor mixing parameters in
our model via the renormalization-group (RG) equations, which could be important especially for
large values of tan β or nearly-degenerate neutrino masses [66]. Actually the corrections from RG
running effects to models with the modular symmetry have been discussed in Refs. [20,33]. In this
paper, the radiative corrections are directly embedded in our analysis. We assume the modular
symmetry is working at the grand unified theories (GUT) scale, where Λ = ΛGUT = 2×1016 GeV,
and the predictions for oscillation parameters at the electroweak scale are obtained after the RG
running.
Without loss of generality, we can work in the basis where the charged-lepton Yukawa coupling
matrix Y˜l ≡ Diag{ye, yµ, yτ} with yα =
√
2mα/vd (for α = e, µ, τ) is diagonal, then the Dirac
neutrino Yukawa matrix will be Y˜ν = U
†
l Yν , where Ul is a unitary matrix diagonalizing Yl via
U †l YlY
†
l Ul = Y˜
2
l . In this basis, the one-loop RG equations of Y˜ν and Y˜l can be written as [67,68]
16pi2
dY˜ν
dt
=
[
αν + C
ν
ν
(
Y˜ν Y˜
†
ν
)
+ C lν
(
Y˜lY˜
†
l
)]
Y˜ν , (3.13)
16pi2
dY˜l
dt
=
[
αl + C
ν
l
(
Y˜ν Y˜
†
ν
)
+ C ll
(
Y˜lY˜
†
l
)]
Y˜l , (3.14)
where t ≡ ln(µ/ΛGUT) with µ being the renormalization scale. In the framework of the MSSM
Cνν = C
l
l = +3 , C
l
ν = C
ν
l = +1 , (3.15)
and
αν = −
3
5
g21 − 3g22 + Tr
[
3(YuY
†
u ) + Y˜ν Y˜
†
ν
]
,
αl = −
9
5
g21 − 3g22 + Tr
[
Y˜ν Y˜
†
ν + 3
(
Y˜lY˜
†
l
)]
, (3.16)
where g1 and g2 denote respectively the SU(2)L and U(1)Y gauge couplings, and Yu is the up-
type quark Yukawa coupling matrix. The supersymmetry can be broken down at the energy scale
mSUSY above the electroweak scale, where we have the following tree-level matching conditions [20](
Y˜l
)
SM
(mSUSY) =
(
Y˜l
)
MSSM
(mSUSY) cos β ,(
Y˜ν
)
SM
(mSUSY) =
(
Y˜ν
)
MSSM
(mSUSY) sin β . (3.17)
8
The RG running should be implemented in the framework of the SM below the energy scale mSUSY.
In the SM, we have
Cνν = C
l
l = +
3
2
, C lν = C
ν
l = −
3
2
, (3.18)
and
αν = −
9
20
g21 −
9
4
g22 + Tr
[
3(YuY
†
u ) + 3(YdY
†
d ) + Y˜ν Y˜
†
ν + Y˜lY˜
†
l
]
,
αl = −
9
4
g21 −
9
4
g22 + Tr
[
3(YuY
†
u ) + 3(YdY
†
d ) + Y˜ν Y˜
†
ν + Y˜lY˜
†
l
]
, (3.19)
where Yd is the down-type quark Yukawa coupling matrix.
Eq. (3.14) indicates that the charged-lepton Yukawa coupling matrix will keep diagonal during
the RG running. Therefore the RG equation of Y˜l will be reduced to three individual equations cor-
responding to three diagonal elements of Y˜l, which can be easily solved out. Then the approximate
solution to Eq. (3.13) turns out to be
Y˜ν(mZ) = Iν
Ie 0 00 Iµ 0
0 0 Iτ
 Y˜ν(ΛGUT) , (3.20)
where Iν and Iα (for α = e, µ, τ) are the evolution functions defined as
Iν = exp
[
− 1
16pi2
∫ ln(ΛGUT/mZ)
0
αν(t)dt
]
,
Iα = exp
[
− 1
16pi2
∫ ln(ΛGUT/mZ)
0
y2α(t)dt
]
. (3.21)
One can observe from Eq. (3.21) that Iν only affects the absolute mass scale of neutrinos while
Iα will modify all the oscillation parameters. Since the values of ye and yµ are extremely small,
Ie ≈ Iµ ≈ 1 can be regarded as a good approximation. Then Iτ makes the dominant contributions
to the radiative corrections of Y˜ν . After the model parameters are fixed, we can immediately obtain
Y˜ν(ΛGUT), which can be regarded as the initial conditions at ΛGUT. Then by using Eq. (3.20), we
calculate Y˜ν(mZ) at the electroweak scale via the RG running, from which one can determine the
values of oscillation parameters. The detailed numerical analysis will be presented in next section.
4 Numerical analysis
4.1 The strategy
After establishing the concrete models, we implement the numerical analysis in this section. As can
be seen in Sec. 3, we have introduced eight real parameters into our model, which are {Re τ, Im τ}
related to the modulus τ , {α1, α2, α3} in the charged-lepton sector and {g, φg, vug1/
√
2} in the
neutrino sector. In order to find out the feasible parameter space, we calculate the predictions for
neutrino oscillation parameters in our model, and then compare them with the global-fit results
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from NuFIT 4.1 [70] without including the atmospheric neutrino data from Super-Kamiokande,
which are listed in Table 1. Note that the current constraint on the Dirac CP-violating phase δ
from the global-fit results is rather weak, therefore we will not include the information of δ. The
detailed numerical analysis strategy is listed as follows.
• First of all, As has been clearly explained in Ref. [31], it is sufficient to scan the parameter
τ in the fundamental domain defined as
G = {τ ∈ C : Im τ > 0, |Re τ | ≤ 0.5, |τ | ≥ 1} . (4.1)
While in this paper, the scan range of Re τ is further restricted to 0 ≤ Re τ ≤ 0.5. The
numerical results for the conjugate range where −0.5 ≤ Re τ ≤ 0 can be easily obtained by
reversing the sign of the Dirac CP-violating phase δ. If the values of Re τ and Im τ are given,
the parameters α1, α2 and α3 in the charged-lepton sector can be numerically calculated via
the following equations
Tr
(
MlM
†
l
)
= m2e +m
2
µ +m
2
τ , (4.2)
Det
(
MlM
†
l
)
= m2em
2
µm
2
τ , (4.3)
1
2
[
Tr
(
MlM
†
l
)]2
− 1
2
Tr
[
(MlM
†
l )
2
]
= m2em
2
µ +m
2
µm
2
τ +m
2
τm
2
e , (4.4)
where we use the best-fit values of charged-lepton masses at the GUT scale with mSUSY =
10 TeV and tan β = 10 [52, 69], which are me = 0.510 MeV, mµ = 107.8 MeV and mτ =
1840.14 MeV. At the same time, the charged-lepton mass matrix Ml at the GUT scale can
also be determined, so as the unitary matrix Ul.
• Next we randomly generate the values of g and φg in the region where g ∈ [10−4, 104] and
φg ∈ [−pi, pi]. After g and φg are fixed, the neutrino mass matrix M˜ν = vuU †l Yν/
√
2 in the
basis where the charged-lepton mass matrix is diagonal can be determined up to an overall
factor vug1/
√
2 at the GUT scale. Assuming mSUSY = 10 TeV and tan β = 10, we can then
obtain the corresponding M˜ν at the electroweak scale by solving the RG equations. We
define a ratio r ≡ ∆m221/∆m231 (∆m221/|∆m232|) in the NO (IO) case. Using the global-fit
results of ∆m221 and ∆m
2
31 (∆m
2
32), we can gain the allowed range of r, which will give
a primary restriction on the parameter space of {Re τ, Im τ, g, φg}. Then we continue to
diagonalize the neutrino mass matrix M˜ν via U
†M˜νM˜
†
νU = Diag {m21,m22,m23}, and obtain
the lepton mixing matrix U at the electroweak scale. In the standard parametrization [2],
we have
U =
 c12c13 s12c13 s13e−iδ−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13
 , (4.5)
where cij ≡ cos θij and sij ≡ sin θij (for ij = 12, 13, 23) have been defined. Comparing the
obtained values of s2ij with their individual 3σ (1σ) ranges from global-fit results, we can
find out the 3σ (1σ) allowed parameter space in our model.
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Table 1: The best-fit values, the 1σ and 3σ intervals, together with the values of σi being the
symmetrized 1σ uncertainties, for three neutrino mixing angles {θ12, θ13, θ23}, two mass-squared
differences {∆m221,∆m231 or ∆m232} and the Dirac CP-violating phase δ from a global-fit analysis
of current experimental data [70].
Parameter Best fit 1σ range 3σ range σi
Normal neutrino mass ordering (m1 < m2 < m3)
sin2 θ12 0.310 0.298 — 0.323 0.275 — 0.350 0.0125
sin2 θ13 0.02241 0.02176 — 0.02307 0.02046 — 0.02440 0.000655
sin2 θ23 0.558 0.525 — 0.578 0.427 — 0.609 0.0265
δ [◦] 222 194 — 260 141 — 370 33
∆m221 [10
−5 eV2] 7.39 7.19 — 7.60 6.79 — 8.01 0.205
∆m231 [10
−3 eV2] +2.523 +2.493 — +2.555 +2.432 — +2.618 0.031
Inverted neutrino mass ordering (m3 < m1 < m2)
sin2 θ12 0.310 0.298 — 0.323 0.275 — 0.350 0.0125
sin2 θ13 0.02261 0.02197 — 0.02328 0.02066 — 0.02461 0.000655
sin2 θ23 0.563 0.537 — 0.582 0.430 — 0.612 0.0225
δ [◦] 285 259 — 309 205 — 354 25
∆m221 [10
−5 eV2] 7.39 7.19 — 7.60 6.79 — 8.01 0.205
∆m232 [10
−3 eV2] −2.509 −2.539 — −2.477 −2.603 — −2.416 0.031
• In order to measure how well the model is consistent with current experimental data, we
can further construct the χ2-function, namely,
χ2(pi) =
∑
j
(
qj(pi)− qbfj
σj
)2
, (4.6)
where pi ∈ {Re τ, Im τ, g, φg, vug1/
√
2} stand for the model parameters, qj(pi) denote the
model predictions for the observables {sin2 θ12, sin2 θ13, sin2 θ23,∆m221,∆m231(∆m232)} and qbfj
are their best-fit values from the global analysis in Ref. [70]. The uncertainties σj are derived
by symmetrizing 1σ uncertainties from the global-fit results, which have already been given
in Table 1. We can calculate the minimum value of the χ2-function, which corresponds to
the best-fit values of our model parameters.
After implementing the above procedure, we find that ten of the twelve scenarios derived in
Sec. 3 can accommodate the latest experimental data. In the following, we will mainly focus on
four typical scenarios and present the detailed numerical results.
4.2 L1N1
The allowed parameter space and the constrained ranges of low-energy observables in L1N1 are
shown in Fig. 1, where one can find that L1N1 is consistent with experimental data at the 3σ
level in the IO case.
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Figure 1: Allowed parameter space of the model parameters {Re τ, Im τ} and {g, φg} and the
constrained ranges of low-energy observables in the IO case in L1N1, where the 3σ ranges of mixing
angles and neutrino mass-squared differences from the global-fit analysis of neutrino oscillation
data have been input [70]. The red and cyan dots represent two distinct regions. The gray curve
in the top-left panel denotes the lower boundary of the fundamental domain G. The best-fit values
from our χ2-fit analysis are indicated by the black stars.
As one can see from Fig. 1, the parameter space of L1N1 is separated into two distinct regions
denoted by red and cyan dots, respectively. The red region corresponds to α3 < α1 < α2. In this
region, the allowed parameter space of {Re τ, Im τ} is very narrow, i.e., 0.10 < Re τ < 0.12 and
Im τ ∼ 1. The top-right panel of Fig. 1 shows that the parameter space of {g, φg} is approximately
centered on the axis φg = 0 in the red region, i.e., we can reverse the sign of φg and keep other
parameters unchanged and obtain similar predictions for the low-energy observables. Note that
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this relation only holds for small value of g since the dependence of oscillation parameters on φg is
not significant if g is small. While if g > 1, we could not find such an approximate symmetry any
more, which will be seen in some of the following cases. The small value of g in L1N1 indicates
that the first matrix in the square brackets in Eq. (3.11) dominantly contributions to neutrino
masses. Especially, the minimum of g can be as small as 7 × 10−3. As a reasonable estimation,
we can neglect the second matrix in the square brackets in Eq. (3.11). Then the mass matrix Mν
can be easily diagonalized by the unitary matrix U
(0)
ν expressed as
U (0)ν =

0 1 0√
2
2
0
√
2
2√
2
2
0 −
√
2
2
 , (4.7)
and three neutrino mass eigenvalues turn out to be
m1 =
√
2
4
vug1|
√
3Y2 − Y1| , (4.8)
m2 =
√
2
2
vug1|Y1| , (4.9)
m3 =
√
2
4
vug1|
√
3Y2 + Y1| . (4.10)
We can select some specific values of {Re τ, Im τ} in the allowed parameter space and substitute
them into the above equations. For example, if Re τ = 0.103 and Im τ = 1.003, we will obtain
r ≡ ∆m221/|∆m232| ≈ 0.0252. As a comparison, the exact value of r without approximation is
0.0272. Therefore, we can give a good description of neutrino masses by only considering the first
matrix in Eq. (3.11). However, if g is exactly zero, it will not lead to realistic mixing angles. Let
us also take Re τ = 0.103 and Im τ = 1.003 for instance. For simplicity, here we do not consider
the RG running effects. The unitary matrix Ul in the charged lepton sector in this case is
Ul =
 0.697 −0.498− 0.130 i −0.493 + 0.079 i0.490 + 0.069 i −0.140− 0.076 i 0.854
0.499− 0.141 i 0.843 −0.137 + 0.046 i
 , (4.11)
Then by using Eqs. (4.7) and (4.11), we can obtain the mixing matrix U = U †l U
(0)
ν , where one
can read sin2 θ12 = 0.497, which has already exceeded the upper bound of its 3σ allowed range.
Therefore, we need to consider the higher order corrections from g˜. Since φg ∼ ±180◦ when g is
extremely small, g˜ ≈ −g is a good approximation. Up to the first order of g, we have
MνM
†
ν ≈
 1.488 −(0.293− 0.152 i)g −(1.591 + 0.295 i)g−(0.293 + 0.152 i)g 0.742 0.708− 0.314 ig
−(1.591− 0.295 i)g 0.708 + 0.314 ig 0.742
 . (4.12)
The unitary matrix U
(1)
ν up to the first order of g can be written as
U (1)ν = U
(0)
ν + g∆Uν , (4.13)
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where U
(0)
ν takes the form in Eq. (4.7) and ∆Uν is assumed to be
∆Uν ≈
x11 + i y11 x12 + i y12 x13 + i y13x21 + i y21 x22 + i y22 x23 + i y23
x31 + i y31 x32 + i y32 x33 + i y33
 , (4.14)
where xij and yij (for i, j = 1, 2, 3) are real parameters. Since each column of U
(1)
ν should be the
eigenvector of MνM
†
ν , xij and yij can be determined by comparing the first order terms of g in
both the left and right hand sides of the following equation
MνM
†
νU
(1)
ν = U
(1)
ν Diag{m21,m22,m23} , (4.15)
where mi (for i = 1, 2, 3) are the zeroth-order neutrino mass eigenvalues shown in Eqs. (4.8)-(4.10).
After xij and yij are obtained, ∆Uν can be expressed as
∆Uν ≈
 36.22 + 2.753 i 0 −0.631− 0.217 i−0.472− 0.156 i −25.21 + 1.797 i 0.472− 0.156 i
0.472 + 0.156 i −26.10 + 2.104 i 0.472− 0.156 i
 . (4.16)
Then by using Eqs. (4.7), (4.11), (4.13) and (4.16), we finally obtain the mixing matrix U = U †l U
(1)
ν ,
where one can get the relations between sin2 θij (for ij = 13, 12, 23) and g as
sin2 θ13 ≈ 0.0220(1 + 3.641g + 3.428g2) ,
sin2 θ12 ≈ 0.497(1− 73.20g + 1336g2) ,
sin2 θ23 ≈ 0.496(1− 1.189g + 0.897g2) , (4.17)
where one can clearly see that the large coefficients in front of g and g2 in the second equation
lead to significant corrections to sin2 θ12. If g = 6.71 × 10−3, Eq. (4.17) gives sin2 θ13 ≈ 0.0221,
sin2 θ12 ≈ 0.283 and sin2 θ12 ≈ 0.490, which are in good agreement with accurate numerical results.
The second row of Fig. 1 shows the numerical results of mixing angles and the CP-violating
phase, where we can find that the predicted values of θ23 in the red region are located in the first
octant, varying from 41◦ to 44.5◦, and the allowed range of δ is 90◦ < δ < 190◦. The sum of
neutrino masses
∑
mν ≡ m1 +m2 +m3 is about 110 meV, as can be seen in the bottom-left panel
of Fig. 1. In addition, with the neutrino mass spectrum and mixing parameters known, we can
predict the effective neutrino mass for beta decays, i.e.,
mβ ≡
√
m21|Ue1|2 +m22|Ue2|2 +m23|Ue3|2 . (4.18)
The bottom-right panel in Fig. 1 shows that mβ is around 50 meV in the red region of L1N1.
Currently the most stringent restriction on mβ comes from the KATRIN experiment, which indi-
cates mβ < 1.1 eV at the 90% confidence level [71,72]. With more data accumulated in KATRIN,
the upper bound will be improved to mβ < 0.2 eV. However, it is still far away from the value of
mβ predicted in L1N1.
The cyan region in Fig. 1 corresponds to another hierarchy of α1, α2 and α3, which is α3 <
α2 < α1. In this region, the parameter space of {Re τ, Im τ} is restricted to 0.03 < Re τ < 0.09
14
and Im τ ∼ 1.15. The value of g in the cyan region is larger than one, to be specific, 3.7 < g < 7.5,
indicating that the contributions to the neutrino masses and flavor mixing from the second matrix
in Eq. (3.11) become dominate. The allowed value of φg is tightly constrained, which is φg ∼ 90◦.
Unlike the red region, we could not find the symmetric parameter space of φg near −90◦ due to
the large value of g. The predicted value of θ23 is very close to the upper bound of its 3σ range,
i.e., θ23 ∼ 51◦. Furthermore, the sum of three neutrino masses
∑
mν and the effective neutrino
mass for beta decays mβ are slightly smaller than those predicted in the red region.
Implementing the χ2-fit analysis, we obtain the minimum χ2min = 3.23 of the χ
2-function,
corresponding to the following best-fit values of model parameters
Re τ = 0.0565 , Im τ = 1.142 , g = 4.697 , φg = 89.7
◦ , vug1/
√
2 = 9.61 meV . (4.19)
Note that here we use vug1/
√
2 to denote the absolute scale of neutrino masses at the electroweak
scale after the RG running. The best-fit values above, together with the values of me, mµ and mτ
lead to vdα1/
√
2 = 1.70 GeV, α2/α1 = 3.98× 10−2 and α3/α1 = 1.43× 10−4. With these best-fit
values of model parameters, we get the neutrino mass spectrum m1 = 49.51 meV, m2 = 50.15 meV
and m3 = 3.80 meV, three mixing angles θ12 = 33.79
◦, θ13 = 8.64
◦ and θ23 = 51.29
◦, and the
Dirac CP-violating phase δ = 127◦. Furthermore, the best-fit value of mβ is 49.09 meV.
An interesting feature of L1N1 is that the value of α3 is much smaller than α1 and α2,
indicating that the third column of Ml in Eq. (3.5), which is generated by Y
(4)
3′ , is highly suppressed
when compared with the other two columns. Therefore, if we replace Y
(4)
3′ with Y
(6)
3 or Y
(6)
3′,2 and
keep the remaining parts unchanged, i.e., we change the model L1N1 to L2N1 or L3N1, the
numerical results will almost be the same as those obtained in L1N1. For illustration, we still use
the best-fit values of {Re τ, Im τ, g, φg, vug1/
√
2} shown in Eq. (4.19) to calculate the predictions
for mixing angles and the Dirac CP-violating phase in L2N1 (The neutrino masses should keep
invariant since we do not adjust the mass matrix in the neutrino sector). The results are
θ12 = 33.79
◦ , θ13 = 8.64
◦ , θ23 = 51.29
◦ , δ = 127◦ , (4.20)
where one could hardly see any difference between them and the corresponding best-fit values
in L1N1. As a result, we get similar parameter space and constrained ranges of observables in
L2N1 and L3N1, which can also fit the experimental data in the IO case at the 3σ level.
4.3 L3N1
As we have discussed in the last subsection, L3N1 can have similar parameter space to L1N1.
However, this is not the unique parameter space of L3N1. In Fig. 2, we show another two distinct
regions in the allowed parameter space of L3N1, which are still compatible with experiments in
the IO case at the 3σ level. The red region in Fig. 2 corresponds to the hierarchy α1 < α3 < α2,
where Re τ ∼ 0.2 and Im τ ∼ 0.985. The value of g is a small number, g < 0.2, and there are
also two approximate symmetric parts in the parameter space of {g, φg}. The value of θ23 is
constrained in the range where 44.3◦ < θ23 < 45.3
◦, which is smaller than the lower bound of its
1σ range. Most of the predicted values of δ are located in the fourth octant, from 300◦ to 360◦,
which is preferred by the global-fit results of δ [70]. The sum of neutrino masses
∑
mν ∼ 121 meV
15
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Figure 2: Allowed parameter space of the model parameters {Re τ, Im τ} and {g, φg} and the
constrained ranges of low-energy observables in the IO case in L3N1, where the 3σ ranges of mixing
angles and neutrino mass-squared differences from the global-fit analysis of neutrino oscillation
data have been input [70]. The red and cyan dots represent two distinct regions. The gray curve
in the top-left panel denotes the lower boundary of the fundamental domain G. The best-fit values
from our χ2-fit analysis are indicated by the black stars.
is very close to the upper bound
∑
mν < 120 meV from Planck observations [73], thus can be
easily tested in future experiments. Another region denoted by the cyan color corresponds to
the hierarchy α2 < α1 < α3. In this region, we have Re τ ∼ 0.05 and 1 < Im τ < 1.01. The
parameter space of {g, φg} is still almost centered on the axis φg = 0, with 0.64 < g < 0.93 and
φg ≈ ±90◦. Different from the red region, θ23 in the cyan region varies in a large range from 40.8◦
to 48.6◦, and the value of δ is located in the region where 135◦ < δ < 195◦. Since now α2 is the
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smallest parameter among α1, α2 and α3, we can change the modular forms fµ(τ) into Y
(4)
3′ or
Y
(6)
3 . Correspondingly we will arrive at the model L5N1 or L6N1 which can still compatible with
the experimental data at the 3σ level in the IO case, just like the red region in L3N1.
Based on the χ2-analysis, we obtain the following best-fit values of parameters in L3N1
Re τ = 0.204 , Im τ = 0.985 , g = 0.0592 , φg = 101
◦ , vug1/
√
2 = 44.0 meV , (4.21)
which corresponds to the minimum χ2min = 5.31. Then the best-fit values for other parameters
are vdα1/
√
2 = 0.717 MeV, α2/α1 = 1.12× 103 and α3/α1 = 82.1. With these best-fit values, we
get the neutrino mass spectrum m1 = 52.06 meV, m2 = 52.77 meV and m3 = 16.29 meV, three
mixing angles θ12 = 33.93
◦, θ13 = 8.66
◦ and θ23 = 45.03
◦, the Dirac CP-violating phase δ = 308◦
and the effective neutrino mass for beta decays mβ = 51.82 meV.
4.4 L1N2
The allowed parameter space and the constrained ranges of low-energy observables in L1N2 are
shown in Fig. 3, where one can find that L1N2 is consistent with experimental data at the 1σ
level in the NO case. It is very interesting that the 3σ allowed parameter space of Re τ and Im τ
is analogous to the one in L1N1. Since the charged-lepton mass matrices in L1N1 and L1N2
take the same form, we conclude that these two models lead to similar Ul in the charged-lepton
sector, and the different mixing pattern of these two models arises only from the distinct forms
of Mν . The value of g can go from 8.6× 10−3 to 0.64 within the 3σ range. While at the 1σ level,
there are two distinct regions in the parameter space of {g, φg} which are approximately centered
on the axis φg = 0. The value of φg is around ±100◦, thus can have important contributions to
the CP violation. As can be seen in the middle-right panel of Fig. 3, the two distinct regions of
φg correspond to two different ranges of δ which are [273
◦, 278◦] and [286◦, 291◦], respectively.
We find that L1N2 fits the experimental data very well with the minimum χ2min = 0.0533,
corresponding to
Re τ = 0.0971 , Im τ = 1.004 , g = 0.4679 , φg = −102◦ , vug1/
√
2 = 39.1 meV ,(4.22)
which together with the values ofme, mµ andmτ lead to vdα1/
√
2 = 9.28×10−2 GeV, α2/α1 = 9.07
and α3/α1 = 2.15 × 10−3. In addition, we get the neutrino mass spectrum m1 = 31.31 meV,
m2 = 32.46 meV and m3 = 59.18 meV, three mixing angles θ12 = 33.85
◦, θ13 = 8.61
◦ and
θ23 = 48.45
◦, and the Dirac CP-violating phase δ = 275◦. The effective neutrino mass for beta
decays turns out to be 33.08 meV.
Note that α3  α1, α2 is also satisfied in L1N2, which means we can still replace Y (4)3 with Y (6)3
or Y
(6)
3′,2 for fτ (τ) and change L1N2 into L2N2 or L3N2. As a result, L1N2, L2N2 and L3N2
have analogous parameter space and are all consistent with the neutrino oscillation experimental
data within the 1σ range in the NO case.
4.5 L3N2
Apart from the region which is similar to that in L1N2, there is another distinct region in the
allowed parameter space of L3N2, which corresponds to the hierarchy α2 < α3 < α1. As can be
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Figure 3: Allowed parameter space of the model parameters {Re τ, Im τ} and {g, φg} and the
constrained ranges of low-energy observables in the NO case in L1N2, where the 3σ (red dots)
and 1σ (yellow dots) ranges of mixing angles and neutrino mass-squared differences from the
global-fit analysis of neutrino oscillation data have been input [70]. The best-fit values from our
χ2-fit analysis are indicated by the black stars.
observed from two plots in the first row of Fig. 4, the whole range [0, 0.5] of Re τ is allowed at the
3σ level and Im τ varies from 1.05 to 1.24. φg is close to ±180◦, which can hardly generate large
CP violation in the neutrino sector. Therefore the main source of the CP violation in L3N2 is
Re τ . The values of θ13 and θ23 can reach the lower bounds of their respective 3σ and 1σ ranges,
but are not able to touch the upper bounds. The sum of neutrino masses
∑
mν predicted in this
allowed region is relatively large, with a maximum (
∑
mν)max = 162 meV. After calculating the
χ2-function, we find that the minimum χ2min = 1.33 is obtained with the following best-fit values
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Figure 4: Allowed parameter space of the model parameters {Re τ, Im τ} and {g, φg} and the
constrained ranges of low-energy observables in the NO case in L3N2, where the 3σ (red dots)
and 1σ (yellow dots) ranges of mixing angles and neutrino mass-squared differences from the
global-fit analysis of neutrino oscillation data have been input [70]. The best-fit values from our
χ2-fit analysis are indicated by the black stars.
of the model parameters
Re τ = 0.347 , Im τ = 1.167 , g = 1.815 , φg = −175◦ , vug1/
√
2 = 24.2 meV , (4.23)
which together with the values ofme, mµ andmτ lead to vdα1/
√
2 = 1.73 GeV, α2/α1 = 1.96×10−4
and α3/α1 = 6.26×10−2. We can also get the neutrino masses m1 = 32.10 meV, m2 = 33.24 meV
and m3 = 59.57 meV, three mixing angles θ12 = 33.82
◦, θ13 = 8.55
◦ and θ23 = 46.74
◦, the Dirac
CP-violating phase δ = 234◦ and the effective neutrino mass for beta decays mβ = 33.88 meV.
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Table 2: Comparison between the best-fit values of {r, θ12, θ13, θ23, δ} at the electroweak scale
mZ = 91.2 GeV after taking into account the RG running effects and their corresponding values
at the GUT scale ΛGUT = 2 × 1016 GeV in L1N1, L3N1, L1N2 and L3N2, where tan β = 10
and mSUSY = 10 TeV are assumed.
r θ12/
◦ θ13/
◦ θ23/
◦ δ/◦
L1N1
mZ 0.0294 33.79 8.64 51.29 127
ΛGUT 0.0302 31.23 8.65 51.35 125
L3N1
mZ 0.0292 33.93 8.66 45.03 308
ΛGUT 0.0307 31.94 8.68 45.11 309
L1N2
mZ 0.0291 33.85 8.61 48.45 275
ΛGUT 0.0295 32.94 8.59 48.33 276
L3N2
mZ 0.0296 33.82 8.55 46.74 234
ΛGUT 0.0298 32.84 8.54 46.62 235
Furthermore, since now α2  α1, α3, we can replace fµ(τ) ∼ Y (4)3 with Y (6)3 or Y (6)3′,2 in the charged-
lepton sector, and change L3N2 to L5N2 or L6N2. Then we conclude that L5N2 and L6N2
are also consistent with the experiments at the 1σ level in the NO case.
As a summary, we systematically study the low-energy phenomenology of the twelve models
derived in Sec. 3. We find that five of them are consistent with experimental data in the IO case
at the 3σ level, which are L1N1, L2N1, L3N1, L5N1 and L6N1. While five models can fit the
experiments in the NO case at the 1σ level, which are L1N2, L2N2, L3N2, L5N2 and L6N2.
4.6 Corrections from RG running effects
Before closing up this section, let us discuss to what extend the RG running effects can modify
our model. For illustration, we also calculate the predictions for {r, θ12, θ13, θ23, δ} at the GUT
scale, i.e., without considering the RG running effects, by using the best-fit values of free model
parameters we have obtained in Eqs. (4.19), (4.21), (4.22) and (4.23), and compare them with
their respective best-fit values at the electroweak scale. The results are shown in Table 2, where
one can observe that the implication of RG running effects to the IO case (L1N1 and L3N1) is
more significant than that to the NO case (L1N2 and L3N2). This can be understood considering
two relatively large neutrino masses in the IO case are nearly-degenerate, which will enhance the
radiative corrections. In addition, θ12 is most sensitive to the RG running effects among all the
observables. The value of θ12 obtained at mZ is about 2
◦ (1◦) larger than that obtained at ΛGUT
in the IO (NO) case.
On the other hand, corrections from RG running effects could become more significant if we
assume a larger value of tan β. In order to make this point clearer, we have further found out
the 3σ allowed parameter space of {Re τ, Im τ} and {g, φg} in our models when tan β = 30. The
results are presented in Fig. 5, together with the parameter space with tan β = 10 we have obtained
in previous subsections. One can find that the four typical scenarios L1N1, L3N1, L1N2 and
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Figure 5: The 3σ allowed parameter space of the model parameters {Re τ, Im τ} and {g, φg} in
L1N1, L3N1, L1N2 and L3N2 under the assumption that tan β = 30 and tan β = 10, denoted
by dark and light red points, respectively. Note that in the plots of the first two rows, we only
retain the red regions in the parameter space of L1N1 and L3N1 when tan β = 10 for convenience
of comparison.
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Figure 6: The evolution behavior of {r, θ12, θ13, θ23} against {Re τ, Im τ, g, φg} in L1N1 with
tan β = 30. For each plot, we require only one parameter to change and keep other parame-
ters staying at their respective best-fit values shown in Eq. (4.24).
L3N2 we have discussed before are still compatible with experimental data within the 3σ level
even if tan β = 30, but the allowed parameter space has been reduced. For example, from the
first two plots in Fig. 5, one can find that there remains only one piece of region in the parameter
space of L1N1 when tan β = 30, while the cyan region in Fig. 1 is not allowed any more. This
is because the predicted value of sin2 θ12 in the cyan region is larger than 0.36, which has already
exceeded its 3σ allowed range. This is also the case for L3N1, where the red region in Fig. 2 is
excluded if tan β = 30.
However, in some cases the allowed parameter space with tan β = 30 only slightly deviates
from that with tan β = 10, which seems a little bit confusing considering the large modifications
22
to θ12 from the RG running effects. To illustrate this issue, we study the evolution behavior of the
ratio r and three mixing angles {θ12, θ13, θ23} towards the model parameters {Re τ, Im τ, g, φg}.
Let us also take L1N1 as an example. In Fig. 6 we show the evolution behavior of {r, θ12, θ13, θ23}
against {Re τ, Im τ, g, φg} near their respective best-fit values which are
Re τ = 0.1022 , Im τ = 1.003 , g = 0.4045 , φg = −111.4◦ . (4.24)
In order to clearly show the relation between {r, θ12, θ13, θ23} and each individual parameter, for
each plot we keep only one parameter varying and all the other parameters staying at their
respective best-fit values. As can be seen in Fig. 6, θ13 and θ23 are not sensitive to all the four
parameters, while the value of θ12 can significantly decrease as g goes larger or Im τ and φg go
smaller. Therefore, we can always slightly low down the values of Im τ and φg in the red region
of the parameter space in L1N1 with tan β = 10, or rise up the value of g, and arrive at the
allowed parameter space with tan β = 30. Consequently, the parameter space for {Re τ, Im τ}
should move downwards and that for {g, φg} should move rightwards, which is exactly what the
first two plots in Fig. 1 look like.
5 Summary
Finite modular symmetries have been widely incorporated into seesaw models to account for the
Majorana neutrino masses, lepton flavor mixing and CP violation, whereas a systematic study
about the modular invariant Dirac neutrino mass models is still lacking. In this paper, we present
a systematic study of Dirac neutrino mass models with a modular S4 symmetry.
The superfields for lepton doublets L̂ are set to be the triplet 3 under the modular S4 symmetry
while the superfields for right-handed neutrinos N̂C can take either 3 or 3′. In order to forbid the
Majorana mass term, we require the weight of N̂C to be a positive integer. There is some freedom
in the selection of weights and representations of the modular forms. In the charged-lepton sector,
we set fe(τ) to be Y
(2)
3′ while the forms of fµ(τ) and fτ (τ) are selected from Y
(4)
3 , Y
(4)
3′ , Y
(6)
3 and
Y
(6)
3′,2. In the neutrino sector, we only adopt the modular forms with the lowest non-trivial weight
two, since the modular forms with higher weights will bring more free parameters into our model.
As a result, we obtain six different charged-lepton mass matrices and two neutrino mass matrices.
Their combinations lead to twelve classes of distinct models, labeled by L1N1 — L6N2. As we
know, the modular symmetry intrinsically works at some high-energy scales, whereas the values of
oscillation parameters are measured at the electroweak scale. Therefore, in order to obtain more
accurate predictions for these low-energy observables, we have also considered corrections from
the RG running effects in our model. We argue that these effects can not be neglected especially
for high energy scales or large values of tan β. After the numerical calculation, we find that ten
of the twelve models are permitted by current neutrino oscillation experiments. To be specific,
L1N1, L2N1, L3N1, L5N1 and L6N1 are consistent with experimental data in the IO case at
the 3σ level, while L1N2, L2N2, L3N2, L5N2 and L6N2 can fit the experiments in the NO
case at the 1σ level. We get the allowed parameter space of τ and g˜, the constrained ranges of
three mixing angles {θ12, θ13, θ23}, and the predictions for the Dirac CP-violating phase δ, the sum
of neutrino masses
∑
mν and the effective neutrino mass for beta decays mβ in our model.
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We notice that some of these models can possess similar parameter space and constrained
ranges of observables, e.g., L2N1 and L3N1 share almost common parameter space with L1N1.
This is due to the fact that these models only differ in the third column of their charged-lepton mass
matrices, whose contributions to flavor mixing are highly suppressed by the small value of α3. Such
a relation can also be found in the models like {L3N1,L5N1,L6N1}, {L1N2,L2N2,L3N2}
and {L3N2,L5N2,L6N2}.
Since whether neutrinos are Dirac or Majorana particles is not yet determined, it is still
worthwhile to investigate the origin of Dirac neutrino masses and flavor mixing, to which the
modular symmetries may provide an attractive solution. Other finite modular groups apart from
Γ4 ' S4 can also be used to construct Dirac neutrino mass models. In addition, it is interesting
to discuss whether the modular invariance can give a natural explanation of tiny neutrino Yukawa
couplings. We hope to come back to these issues in future works.
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A The Γ4 ' S4 symmetry group
The permutation symmetry group S4 has twenty-four elements and five irreducible representations,
which are denoted as 1, 1′, 2, 3 and 3′. In the present work, we choose the same basis for the
representation matrices of two generators S and T as in Ref. [37], namely,
1 : ρ(S) = +1 , ρ(T ) = +1 ,
1′ : ρ(S) = −1 , ρ(T ) = −1 ,
2 : ρ(S) =
1
2
(
−1 √3√
3 1
)
, ρ(T ) =
(
1 0
0 −1
)
,
3 : ρ(S) = −1
2
 0
√
2
√
2√
2 −1 1√
2 1 −1
 , ρ(T ) = −
1 0 00 i 0
0 0 −i
 ,
3′ : ρ(S) = +
1
2
 0
√
2
√
2√
2 −1 1√
2 1 −1
 , ρ(T ) = +
1 0 00 i 0
0 0 −i
 .
(A.1)
In this basis, we can explicitly write down the decomposition rules of the Kronecker products of
any two S4 multiplets.
• For the Kronecker products of the singlet 1 or 1′ and another S4 multiplet r = {1,1′,2,3,3′}:
1⊗ r = r , (A.2)
1′ ⊗ 1′ = 1 , (A.3)
(ζ)1′ ⊗
(
ξ1
ξ2
)
2
=
(
ζξ2
−ζξ1
)
2
, (A.4)
(ζ)1′ ⊗
ξ1ξ2
ξ3

3
=
ζξ1ζξ2
ζξ3

3′
, (A.5)
(ζ)1′ ⊗
ξ1ξ2
ξ3

3′
=
ζξ1ζξ2
ζξ3

3
; (A.6)
• For the Kronecker products of the doublet 2 and another S4 multiplet:(
ζ1
ζ2
)
2
⊗
(
ξ1
ξ2
)
2
= (ζ1ξ1 + ζ2ξ2)1 ⊕ (ζ1ξ2 − ζ2ξ1)1′ ⊕
(
ζ2ξ2 − ζ1ξ1
ζ1ξ2 + ζ2ξ1
)
2
, (A.7)
(
ζ1
ζ2
)
2
⊗
ξ1ξ2
ξ3

3
=
 ζ1ξ1(√3/2)ζ2ξ3 − (1/2)ζ1ξ2
(
√
3/2)ζ2ξ2 − (1/2)ζ1ξ3

3
⊕
 −ζ2ξ1(√3/2)ζ1ξ3 + (1/2)ζ2ξ2
(
√
3/2)ζ1ξ2 + (1/2)ζ2ξ3

3′
, (A.8)
(
ζ1
ζ2
)
2
⊗
ξ1ξ2
ξ3

3′
=
 −ζ2ξ1(√3/2)ζ1ξ3 + (1/2)ζ2ξ2
(
√
3/2)ζ1ξ2 + (1/2)ζ2ξ3

3
⊕
 ζ1ξ1(√3/2)ζ2ξ3 − (1/2)ζ1ξ2
(
√
3/2)ζ2ξ2 − (1/2)ζ1ξ3

3′
; (A.9)
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• For the Kronecker products of the triplet 3 or 3′ and another S4 triplet:ζ1ζ2
ζ3

3
⊗
ξ1ξ2
ξ3

3
=
ζ1ζ2
ζ3

3′
⊗
ξ1ξ2
ξ3

3′
= (ζ1ξ1 + ζ2ξ3 + ζ3ξ2)1 ⊕
(
ζ1ξ1 − (1/2)(ζ2ξ3 + ζ3ξ2)
(
√
3/2)(ζ2ξ2 + ζ3ξ3)
)
2
⊕
 ζ3ξ3 − ζ2ξ2ζ1ξ3 + ζ3ξ1
−ζ1ξ2 − ζ2ξ1

3
⊕
ζ3ξ2 − ζ2ξ3ζ2ξ1 − ζ1ξ2
ζ1ξ3 − ζ3ξ1

3′
, (A.10)
ζ1ζ2
ζ3

3
⊗
ξ1ξ2
ξ3

3′
= (ζ1ξ1 + ζ2ξ3 + ζ3ξ2)1′ ⊕
(
(
√
3/2)(ζ2ξ2 + ζ3ξ3)
−ζ1ξ1 + (1/2)(ζ2ξ3 + ζ3ξ2)
)
2
⊕
ζ3ξ2 − ζ2ξ3ζ2ξ1 − ζ1ξ2
ζ1ξ3 − ζ3ξ1

3
⊕
 ζ3ξ3 − ζ2ξ2ζ1ξ3 + ζ3ξ1
−ζ1ξ2 − ζ2ξ1

3′
. (A.11)
With the above decomposition rules and the assignments of relevant fields and modular forms,
one can easily find out the Lagrangian invariant under the modular S4 symmetry group.
As has been mentioned in Sec. 2, there exist five linearly-independent modular forms of the
lowest non-trivial weight kY = 2, denoted as Yi(τ) for i = 1, 2, · · · , 5. They transform as a doublet
2 and a triplet 3′ under the S4 symmetry, namely [30],
Y2(τ) ≡
(
Y1(τ)
Y2(τ)
)
, Y3′(τ) ≡
Y3(τ)Y4(τ)
Y5(τ)
 . (A.12)
The expressions of modular forms can be derived with the help of the Dedekind η function [37]
η(τ) ≡ q1/24
∞∏
n=1
(1− qn) , (A.13)
with q ≡ e2piiτ , and its derivative [30]
Y (a1, . . . , a6|τ) ≡
d
dτ
[
a1 log η
(
τ +
1
2
)
+ a2 log η (4τ) + a3 log η
(τ
4
)
+ a4 log η
(
τ + 1
4
)
+ a5 log η
(
τ + 2
4
)
+ a6 log η
(
τ + 3
4
)]
,
(A.14)
with the coefficients ai (for i = 1, 2, · · · , 6) fulfilling a1 + · · ·+a6 = 0. More explicitly, we have [37]
Y1(τ) ≡ iY (1, 1,−1/2,−1/2,−1/2,−1/2|τ) ,
Y2(τ) ≡ iY (0, 0,
√
3/2,−
√
3/2,
√
3/2,−
√
3/2|τ) ,
Y3(τ) ≡ iY (1,−1, 0, 0, 0, 0|τ) ,
Y4(τ) ≡ iY (0, 0,−1/
√
2, i/
√
2, 1/
√
2,−i/
√
2|τ) ,
Y5(τ) ≡ iY (0, 0,−1/
√
2,−i/
√
2, 1/
√
2, i/
√
2|τ) , (A.15)
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which can be expanded as the Fourier series [37], i.e.,
Y1(τ) = −3pi
(
1/8 + 3q + 3q2 + 12q3 + 3q4 + 18q5 + 12q6 + 24q7 + 3q8 + 39q9 + · · · ) ,
Y2(τ) = 3
√
3piq1/2(1 + 4q + 6q2 + 8q3 + 13q4 + 12q5 + 14q6 + 24q7 + 18q8 + · · · ) ,
Y3(τ) = pi
(
1/4− 2q + 6q2 − 8q3 + 6q4 − 12q5 + 24q6 − 16q7 + 6q8 + 26q9 + · · · ) ,
Y4(τ) = −
√
2piq1/4(1 + 6q + 13q2 + 14q3 + 18q4 + 32q5 + 31q6 + 30q7 + 48q8 + · · · ) ,
Y5(τ) = −4
√
2piq3/4(1 + 2q + 3q2 + 6q3 + 5q4 + 6q5 + 10q6 + 8q7 + 12q8 + · · · ) . (A.16)
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